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A new method of calculating the generalized Watson sums is applied to calculate the mag-
netization of an anisotropic ferromagnet for various Callen-type decoupling schemes. It is
shown that although the calculations are somewhat more difficult than for the random-phase
approximation, an analytical solution is again obtained.

[. INTRODUCTION

In a previous paper, ! which we shall refer to as
I, a new method of calculating the generalized Wat-
son sums

) - -1

®(a,n) = Nl :@: exp[a<l -7 ﬁ—g;)] -1} )
with 0< a< © and 0< <1, was presented, where
the symbols are the same as in Ref. 1. For pre-
vious work on these sums the reader is referred
to Refs. 1 and 2. Extensive numerical tables have
been prepared by Mannari and Kawabata.® In I this
method was applied to the anisotropic Heisenberg
ferromagnet? in the random-phase approximation.
The purpose of the present paper is to indicate how
the methods of I can be extended to treat a more
complicated problem, the anisotropic Heisenberg
ferromagnet using a Callen decoupling approxima-
tion. ™7

II. CALLEN DECOUPLING

As defined in I, the nearest-neighbor exchange-
interaction model for the anisotropic ferromagnet
in the absence of an external field is specified by
the Hamiltonian

H=— 2 J,;[SiS% +in(S;S; +SiS))] , 1)
i,4

where the sums extend over all lattice sites, §, is
the spin operator for a spin on site 7, and J;;
=J(;, -T;) is the exchange integral. The Ising and
Heisenberg models are obtained by setting n=0 and
1, respectively.

The equation of motion for the Fourier transform
of the Green’s function S; ; S; has been derived by
Dalton and Wood, *

E((S;; S0 =(5p) % 2T,
f

< (((SFSg ;80 =n((SgS7 5 Sm)) - (2)

It is seen that the equation of motion for ((S;;S;))
also involves higher-order Green’s functions.

| o

Callen has suggested a decoupling scheme for Eq.
(2), which enables one to solve for the Green’s func-
tion ({S;;S;)) and the corresponding correlation
functions.® This decoupling approximation is an
improvement over the random-phase approximation
since it does account for spin correlations. For
spin 3, Callen’s decoupling is

((SES75820) = (S1(7559) = als; S (S;55)
f (3)

where the decoupling parameter is chosen to have
the form

a=2(S%) . 4)

Using the decoupling (3) and (4), Eq. (2) can be
solved for the Green’s function ({S;; S;)). Assum-
ing the lattice to be translationally invariant, one
defines the Fourier transforms

Gk)= 2 et E™E((s;;80)) (5)
g=m
JR) =2 e N EE-T), 6)
£
ll)(iz) - Zl e-i(i-i)‘k-<sf-s;> . (7)
£
The resulting equation for G(K) is
G(K)=(S% /n[E - E(®)] , (8)
where

E(®) =2(5*) [J(0) - 1J(K)]

2% - - -
7 2 [WE)-IE -Byk)] . (9)
v
The sum in Eq. (9) is taken over all wave-lattice
vectors in the first Brillouin zone. By the usual
methods, ° one finds that the correlation function
(7) is given by

¥(k) =2¢5*) o(k) , (10)
where
o[®) = ("D _1)1 | 11)

For simple lattices with nearest-neighbor interac-
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tions the exchange integral is
IR =d Zye™¥ (12)

where 0 is the nearest-neighbor vector and J is a
nearest-neighbor exchange integral. Equation (9)
then has the form

J(x)

E(k‘)=z<s‘>J(0)(1+2anf ()(n 207’)) , (13)

where
F=[NJ(0)] 2 IR (K) . (14)

To obtain the magnetization, one calculates (S*)
from the relation

(SF)y=3(1+28)"", (15)
where
&=

1 <
N ?tp(k) , (16)

with ¢(k), E(k), and f defined by Eqs. (11), (13),
and (14), respectively. Equations (13)-(15) are
the set of equations which are to be solved self-
consistently for (S%).

1II. FORMAL SOLUTION

As in I, we consider only cubic crystals. It was
shown in I that for the cubic lattices, the Brillouin-
zone sums can be written in the form

I\;%*—J’J I dxdydz , 17

where
sc : x=k,a, v=kya, z=k,a, (18)
z=3k,a . (19)

Using the techniques outlined in I, one obtains,
in a similar fashion as Eq. (7) of I,

bee, fee: x=3k.a, y=3k,a,

d=I+I,-3, (20)
with the additional equation

f=dy+d,, (21)
where

T T T -1
Il=(21T3QE)-1j- j j dxdydz(l -g J_(X_LX.L{)> ,
0 %o i}

J(0)
=(27°Q¢) '1Lf f f dxdydz
_ Iy 2)
g [(1 750
Iy 2)

—gs
1= (27°Q¢) dxdydz ——A2L1=7 700

(22)

-1
+iI‘(R)> +c.c.] , (23)

Iy y,2)\?
(e i) @

o= (21°Q¢) 17‘ II I dxdydz ("(g) SOy yi2)

x [(1 _gi—(ﬁli) +iI‘(R)) +c.c.] , (25)

J(0)
where
g=1+2omf , (26)
g=m+2af/t, (27)
=(5*)J(0)/kT , (28)
T(R)=1R/Q . (29)

Let us consider the special case of the bcc lattice.
Then, using the techniques described in I, one ob-
tains

I,=(2Q¢)~' (2K (k) /m)? , (30)
I,=(2Q¢)'[QE cothQt - 1

+38%Q¢® (csch?Q¢) coth@é - 3571, (31)
Ji=(2Qg) 2K (k) /7 )? -1}, (32)
J,=g(16Q¢)™ (Q%csch®Qt - 1) . (33)

Here K(k) is a complete elliptic integral of the first
kind and

231 -(1-g517) . (34)

The magnetization is then found by solving Eqgs. (15)
and (16) together with Eqs. (20), (21), and (30)-

(34).
>
wv
v
KTJ(0)
FIG. 1. Magnetization as a function of the reduced

temperature for the bee lattice with spin 3 and Callen
decoupling parameter a =2 (S %),
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TABLE I. Curie temperatures T./J(0) for the spin 3
anisotropic ferromagnet on a bec lattice using the Callen
decoupling with @ =2 (S?%).

«T,/J(0)
Present Padé

n RPA? Callen®  calculation approx. ©
0.01 0.5000 R 0.5000 0. 39704
0.50 0.4830 oo 0.4970 0.3821
1.00  0.3589 0. 4625° 0.4601 0.3194!

3See Ref. 1.

"See Ref. 5.

°See Ref. 4.

dror =0.

®Disagreement with the present calculation is probably
a result of the numerical methods used in Ref. 5.
fBaker et al. (Ref. 10) give 0.3154,

IV. RESULTS

The results for (S?) vs temperature for spin 3
and several values of the anisotropy parameter 7
are shown in Fig. 1 for the bcc lattice. Here the
Callen decoupling parameter is @=2(S*). For 7
=0 the Callen decoupling approximation must give
no solutions for a#0. For 7=0 the only solution
is =0, which corresponds to the random-phase
approximation of I. It is seen that the Callen ap-
proximation for the anisotropic ferromagnet leads
to second-order transitions with higher transition
temperatures than those obtained in I. As in I, the
effect of the anisotropy parameter 7 is to shift the
transition downward for increasing 7. Similar re-
sults are obtained for the other cubic lattices and
for higher spin. Using the results of Sec. III, the
low-temperature behavior of the anisotropic model
can be examined following Callen’s treatment, ° with
similar results for n=1.

The values of the Curie temperatures «7./J(0) are

shown in Table I for spin 3. A comparison with the
random-phase approximation® and Padé€ -approxi-
mant® 870 results is given. As in Callen’s work
for n=1, we have found that the Callen decoupling
scheme is much more reliable for large spin. It is
particularly bad for spin 3. In the large-spin limit,
the results of Callen’s approximation are found to
agree within a few percent with those of the Pade
results.®® The advantage of Callen’s method is that
it provides a theory for general spin which is approx-
imately valid through the entire temperature range
with low-temperature results in agreement with the
Dyson result for n=1. The Callen decoupling scheme
is reliable for spins greater than 3, which is the
case for most problems of practical interest.

We have also examined the anisotropic ferromag-
net with 0< < 1 using a form for the decoupling
parameter proposed by Copeland and Gersch, ¢

a=(25%" , (35)

where p is a positive integer.” For p =1 this form
reduces to Eq. (4). It is found that for p > 3 a sec-
ond-order transition is obtained with the same Curie
point for all p. For the bcc lattice the values of
kT./J(0) for n=0.01, 0.5, 1.0 and 0.500, 0.4831,

0. 3589, respectively. For 1<p <3 a first-order
transition is obtained for n=1, while second-order
transitions can be found for smaller values of 7.

We have thus seen that although the Callen de-
coupling leads to a more complex system of consis-
tent equations than the random-phase approximation,
again an analytical solution can be obtained. This
solution again does not require series expansions or
extensive computer calculations. We have therefore
illustrated the utility of the methods developed in I
in a variety of problems in magnetism. We hope that
these methods will be found useful in the solution of
other similar problems.
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